Abstract. Let G be a graph with chordal complement and I(G) its edge ideal. From work of Herzog, Hibi, and Zheng, it is known that I(G) has linear quotients and all of its power have linear resolutions. For edge ideals I(G) arising from graphs which do not have chordal complements, exact conditions on their powers possessing linear resolutions or linear quotients are harder to find. We provide here an explicit linear quotients ordering for all powers of the edge ideal of the antipath and a linear quotients ordering on the second power I(An) 2 of the edge ideal of the anticycle An. This linear quotients ordering on I(An) 2 recovers a prior result of Nevo that I(An) 2 has a linear resolution.
Introduction and Background
Let G be a simple graph on n vertices, and I(G) its edge ideal, i.e., a squarefree monomial ideal in R = k[x 1 , . . . , x n ] with monomial generators x i x j corresponding to each edge {i, j} ∈ G. Such ideals have been extensively studied in such papers as [HVT07] , [HVT08] , [Nev11] , [Vil90] , and more recently, [MV10] . A goal of much recent research has been to classify behavior of the resolutions of such ideals I(G) and that of their powers in terms of combinatorial data of G. We provide here an explicit proof that the second power of the edge ideal of the anticycle has not just a linear resolution, but also linear quotients.
In the course the proof, we additionally demonstrate that all powers I(P c n ) k of the edge ideal of the antipath have linear quotients. Definition 1.1. Let G be a simple graph on n vertices. Then the edge ideal of G is the squarefree monomial ideal I(G) given by I(G) = (x i x j : {i, j} ∈ G).
We say that a graph G has property P if its edge ideal I(G) has such a property; e.g., G is Gorenstein if I(G) is Gorenstein, G is linear if I(G) has a linear resolution, etc. In particular, we will say a graph G has linear quotients if its edge ideal I(G) has linear quotients: Definition 1.2. Let I be a homogeneous ideal. We say that I has linear quotients if there exists some ordering of the generators of I = (m 1 , m 2 , . . . , m r ) such that for all i > 1, ((m 1 , . . . , m i−1 ) : (m i )) = (x k1 , . . . , x ks ) for some variables x k1 , . . . , x ks . We say that such an ordering (m 1 , m 2 , . . . , m r ) is a linear quotients ordering of I. Thus, in order to show that a monomial ideal I = (m 1 , . . . , m r ) has linear quotients, it suffices to show that for each pair of monomials m i and m j with j < i that there exists another monomial m k with k < i with m k : m i = x l for some l and x l divides m j : m i .
The graded Betti numbers of a homogeneous ideal I are given by β i,j (I) = dim k Tor i (I, k) j . The graded Betti numbers also correspond to the ranks of the free modules in a minimal free resolution of I. We say an ideal I which is generated in degree d has a linear resolution if β i,j (I) = 0 for j = i + d. Ideals with linear quotients also have linear resolutions.
Providing a linear quotients ordering is one technique for proving that an ideal has a linear resolution, often with combinatorial significance in the case of monomial ideals. In the case of squarefree monomial ideal, an ideal I having linear quotients is equivalent to its Alexander dual I ∨ having a shelling order on its facets. For non-squarefree monomial ideals, a linear quotient orderingscan be viewed as giving a shelling order on the Alexander dual of its polarization.
Interest in powers of the anticycle partially draws from a result of Herzog, Hibi and Zheng [HHZ04] which states the following: Theorem 1.3 (Herzog, Hibi, Zheng). Let I be a quadratic monomial ideal of the polynomial ring. The following are equivalent:
(1) I has a linear resolution, (2) I has linear quotients, (3) I k has a linear resolution for all k ≥ 1.
For edge ideals, Fröberg showed that I(G) has a linear resolution if and only if the complement of G is chordal [Frö90] .
Conspicuously missing from the above theorem is the statement that all powers of a quadratic monomial ideal I with linear resolution must have linear quotients. In fact, this is not known. There are numerous examples of non-quadratic monomial ideals possessing a linear resolution, or even linear quotients, whose powers do not. In [Con06] , Conca provides a example generated in degree 3 which is not dependent on the characteristic of the field k.
It would be of interest to construct linear quotients of powers of quadratic monomial ideals with the aim of extending Herzog, Hibi and Zheng's theorem. Alternately, as no counterexamples are known, the construction of a quadratic monomial ideal I with a linear resolution but some power k with no linear quotients ordering on the generators of I k would be of combinatorial interest. Our work on the second power of the anticycle was also inspired by a second thread of research. Francisco, Hà and Van Tuyl first investigated graphs G where I(G) k has a linear resolution for each k ≥ 2. From Fröberg and Herzog, Hibi and Zheng's results, we see that chordal graphs have this property. More generally, it has been shown by Francisco, Hà and Van Tuyl that if some power of I(G) has a linear resolution, then the complement of G cannot contain any induced four cycles. Their proof was recorded in [NP09] .
Inspired by these results, Peeva and Nevo constructed an example of a graph G with no four cycle in its complement and where I(G) 2 does not have a linear resolution. Peeva and Nevo have conjectured that their example works only because I(G) has Castelnuovo-Mumford regularity four and that every successive power of an edge ideal should get strictly closer to a linear resolution. See [NP09] for a more precise statement.
Nevo has also shown that claw-free graphs with no four cycles in their complements have regularity at most three and their second powers have linear resolutions [Nev11] . Anticycles on more than four vertices meet these criteria and so, it follows that their second powers have linear resolutions. Here we demonstrate that the square of the edge ideal of the anticycle has linear quotients, recovering this result.
Cycles, Anticycles, and Antipaths
We first describe the edge ideal of the anticycle and partition pairs of its edges into several natural classes. Next, we provide a linear quotients ordering on these classes relative to the previous generators.
The complement of a graph G is the graph on the vertices of G containing all edges that are not in G. We use G c to denote the complement graph.
Definition 2.1. Let C n be the cycle graph on n vertices, i.e. the graph consisting of one cycle of length n on these vertices with no chords. The anticycle graph A n is the complement graph of C n , i.e., A n = C c n .
Definition 2.2. The antipath P c n is the graph on n vertices containing of all edges in the complement of a path P n of length n − 1. We depict the antipath in the figure below.
x n x n−1
Producing a linear quotients ordering for graphs with chordal complements is always possible and all of their powers have linear resolutions, as given in Theorem 3.2 in [HHZ04] . However, most naive orderings on the generators of higher powers of I(G) fail to produce linear quotients for G with chordal complements.
Example 2.3. Let R = k[x 1 , . . . , x 6 ] and let I = I(A n ) 2 be the square of the edge ideal of the anticycle on 6 vertices in R. Its generators, written in lex order, are This fails to have linear quotients at Q 21 = I 21 : (x 1 x 2 x 3 x 6 ) = (x 4 , x 5 , x 1 x 3 ). Using a monomial ordering on the generators of I does not appear to ever produce a linear quotients ordering on the generators of I(A n )
2 .
This appears to be true more generally -while all higher powers of edge ideals with linear quotients appear to have linear quotients as well, these linear quotients orders almost never arise from a monomial term ordering.
Antipath Linear Quotients
Throughout this section we will use H = P c n to denote the antipath on n vertices. The first stage in our linear quotients ordering is to show that the square of the antipath has linear quotients with respect to the lex order. As the complement of the antipath is a chordal graph, it is known that I(H) has a linear resolution via Fröberg's Theorem [Frö90] . Furthermore, as I(H) has a linear resolution and is generated in degree 2, it is known to have a linear quotient ordering and linear resolutions of all of its powers [HHZ04] . However, a linear resolution of its second power does not guarantee a linear quotients ordering of I(H) k , which we provide explicitly here. We begin with some notation and a lemma.
Given any k edges e 1 , . . . , e k in a graph G, we will often abuse notation and write m = e 1 e 2 · · · e k for the monomial
x ir x jr where e r = {x ir , x jr }. When a monomial m is of this form, we say m is the product of k edges of G.
Example 3.2. Let G be the complete graph on six vertices {x, y, z, w, s, t} seen below.
G: w z y x t s
Then the monomial m = xyzwst ∈ I(G) 3 comes from any three edges with each vertex appearing in a unique edge exactly once. So m = e 1 e 2 e 3 for the labeled edge sets in any of the diagrams above.
Lemma 3.3. The ideal I(H)
k is given by all monomials of degree 2k of the form
Equivalently, every minimal monomial generator m ∈ I(H) k can be written as a product of k edges m = e 1 · · · e k where e r = {x ir , x jr } and
Proof. Any monomial m of degree 2k can be written as
and write m as above. Assume for a contradiction that there is an index r with i r + 2 > j r . Since the indices of m have been written in ascending order, we know that
′ is contained in {x ir , x ir +1 } but there are are no edges in the antipath between x ir and x ir +1 . Thus, m ′ contains no edge as a factor. However, as m is a product of k edges, every degree k + 1 factor of m must contain at least one edge. This is contradicted by our construction of m ′ , and so we must have i r + 2 ≤ j r for each r.
We now return to the proof of Proposition 3.1.
Proof of Proposition 3.1. From Lemma 3.3, we have that
Any pair of monomial generators m and m ′ of I(H) k will be of the forms:
′ r all satisfying the inequalities above and for edges e r = {x ir , x jr } and e 
Linear Quotient Ordering of Anticycle
The proof that the square of the edge ideal of the antipath has linear quotients is the first step in constructing a linear quotients ordering of the generators of the anticycle. With this in hand, we now show that the following ordering on the generators of the square of the edge ideal of the anticycle gives us linear quotients. For the remainder of this note, we let G be the anticycle graph and let H be the antipath obtained by deleting some vertex of G.
Remark 4.1. We will label the vertices in G as follows. Let x be the vertex we delete to obtain H, and let z 1 and z 2 the two non-adjacent vertices in G (so the two neighbors of x in the cycle itself). Finally, let y 1 , . . . , y n be all the remainging vertices in order, so that y 1 is not adjacent to z 1 and y n is not adjacent to z n . Note that each y i is adjacent to x. Thus, for this section, we assume that G has n + 3 vertices. See the figure below.
Theorem 4.2. Let G be the (n + 3)-anticycle graph, labeled as in the picture above, with n ≥ 2. Let H = G \ {x} be the induced graph away from x. Let J = I(H) be the edge ideal of H and let K = I(G \ H) = (xy i : i = 1, . . . , n) be the edge ideal on the edges not in H.
Then the edge ideal I(G) has a linear quotients given by the following ordering of its monoimal generators (monomials occurring earlier in this list appear earlier in the order):
(1) m ∈ J 2 ordered via the lex ordering with z 1 < y 1 < y 2 < · · · < y n < z 2 (2) m ∈ J · K (a) m = xy i z 1 z 2 , i = 1, . . . , n, (b) m = xy i y j z 2 , i ≤ j, ordered via lex with y 1 > y 2 > · · · > y n , excluding nongenerator xy 2 n z 2 , (c) m = xy i y j z 1 , i ≤ j, ordered via lex with y 1 < y 2 < · · · < y n , excluding nongenerator xy 2 1 z 1 , and
Before giving the proof, we provide a specific example of the ordering of I(G)
Our two subgraphs H and G \ H will be as below.
H:
The linear quotients ordering from Theorem 4.2 on the generators of I(G) 2 is given here by 
+ (x 2 y 2 1 ) (3b) .
Proof of Theorem 4.2.
Proof of Theorem 4.2. The generators of I(G) 2 fall into three main cases, with the second case split up into four subcases and the third case placing the first lex ordered generator at the very end. We will address each case separately. denote the ideal generated by all monomials in the linear quotients ordering before adding M , a minimal generator of I(G)
2 . In general, we will use Q M to denote the colon ideal
though we will often omit the subscript if the stage in the ordering is clear. We show here for all monomial generators M in the quotients ordering that
for some variables x i1 , x i2 , . . . , x i k ∈ {x, z 1 , z 2 , y 1 , y 2 , . . . , y n } = V .
Let V M denote the variables generating Q M , or as above,
The general technique used begins with generating x i ∈ V M explicitly via exhibition of a monomial generator m ′ ∈ I M such that
After finding our expected V M , we note that any remaining minimal monomial generators m of Q M which are not variables, i.e. not in a linear generator of the ideal (V M ), must have their support, supp(m) ∈ W M . We then show that any generators m ′ ∈ I(G) 2 which would give us
must either have m ∈ (V M ) (and hence a contradiction, as such a generator cannot be minimal in Q M ) or could only come from a monomial m ′ occurring after M in the linear quotients ordering (and hence another contradiction, as m ∈ Q M .) For consistency, we will always use M , m and m ′ in the same roles throughout the proof.
Stage (1): Note that I(H)
is the antipath graph of the path {z 1 ∼ y 1 ∼ y 2 ∼ · · · ∼ y n ∼ z 2 }, so the ordering of J 2 given in (1) is a linear quotients ordering by Proposition 3.1.
Stage (2a):
We now move on to generators in (2a) and show that after adding through the (i − 1) st term in (2a), we have linear quotients when we colon this ideal against our i th term, M = z 1 z 2 xy i . Let Q be this colon ideal,
Note that the following inclusions hold, via the elements noted on the right.
• Q ⊇ (y j | j = i) as y j = z 1 z 2 y j y i : z 1 z 2 xy i .
• Q ⊇ (z 1 ) when i = 1 as z 1 = z 1 z 2 z 1 y i : z 1 z 2 xy i .
• Q ⊇ (z 2 ) when i = n as z 2 = z 1 z 2 z 2 y i : z 1 z 2 xy i .
• Q ⊇ (y i ) when i ∈ {1, n} as y i = y 2 i z 1 z 2 : z 1 z 2 xy i . Assume m ∈ Q is a minimal monomial generator of Q that is not linear, i.e. m = m ′ : z 1 z 2 xy i for some m ′ appearing in the ordering earlier than z 1 z 2 xy i . As m is minimal, its support cannot contain any of the variables in Q and therefore
In the first of these cases, we note that if x|m then x 2 |m ′ . As this does not happen for any m ′ before z 1 z 2 xy i , the only cases we need to consider are i = 1 and i = n. In both of these cases we can assume that x does not divide m.
Case (i = 1): In this case, we are adding the generator z 1 z 2 xy 1 to J 2 , our edge ideal of the antipath, i.e. Q = J 2 : z 1 z 2 xy 1 . Note that Q ⊇ (y 2 , . . . , y n , z 2 ). Hence, if we have a minimal monomial generator m ∈ Q which is not linear, its support must be contained in {z 1 , y 1 }.
If z 1 |m then z 2 1 |m ′ so m ′ must be of the form z 2 1 y j y k with j, k > 1. However, we then have m ′ : z 1 z 2 xy 1 = z 1 y j y k which cannot be a minimal generator of Q, as both y j , y k ∈ Q.
If y 1 |m then y . In these three cases the m ′ are y 1 y j , y 1 y j y k , and y 1 z 2 respectively. However each of these are not minimal, from y j , z 2 ∈ Q for j > 2. Case (i = n): Now we are adding the final generator z 1 z 2 xy n to the ideal
For this, we have Q = (J 2 + (z 1 z 2 xy j | 1 ≤ j ≤ n − 1)) : (z 1 z 2 xy n ) which satisfies Q ⊇ (y 1 , . . . , y n−1 , z 1 ). In this case, if we have a minimal monomial generator m ∈ Q which is not linear, its support must be contained in {z 2 , y n }.
If z 2 |m then z 2 2 |m ′ . The only such m ′ ∈ I z1z2zyn must be of the form z 2 2 y j y k with j, k < n. However, we then have m ′ : z 1 z 2 xy 1 = z 2 y j y k which is not a minimal generator as y j , y k ∈ Q.
Similarly, if y n |m then y 2 n |m ′ . All such m ′ ∈ I z1z2zyn are of one of the following three forms: (i) y 2 n y j z 1 (for some j < n − 1) (ii) y 2 n y j y k (for some j, k < n − 1) (iii) y 2 n z 2 1 . In these three cases the m = m ′ : M is (i) m = y 2 n y j z 1 : z 1 z 2 zy n = y j y n , (ii) m = y 2 n y j y k : z 1 z 2 zy n = y j y k y n , and (iii) m = y 2 n z 2 1 : z 1 z 2 zy n = y n z 1 respectively. However each of these are not minimal as y j , z 1 ∈ Q for j < n − 1.
So our ordering of our generators is a linear quotients ordering through the end of stage (2a).
Stage (2b):
The second part of the second stage involves adding monomials M = xy i y j z 2 to our ideals I M according to the lex order on (i, j).
Note the following inclusions hold, via the elements noted.
• Q ⊇ (y k | k < j) as y k = xy i y k z 2 : xy i y j z 2 • Q ⊇ (z 1 ) as z 1 = xy i z 1 z 2 : xy i y j z 2 • Q ⊇ (z 2 ) when j = n as z 1 = y i y j z 2 2 : xy i y j z 2 • Q ⊇ (y k | k > j + 1) as y k = y i y j y k z 2 : xy i y j z 2 • Q ⊇ (y j+1 ) when i = j as y j+1 = y i y j y j+1 z 2 : xy i y j z 2 • Q ⊇ (y j ) when i ≤ j − 2 and j = n as y j = y i y 2 j z 2 : xy i y j z 2 Taken together for M = xy i y j z 2 this gives (y 1 , . . . , y j−1 , y j+1 , . . . , y n , z 1 , z 2 ) j = n, i + 1 = j (y 1 , . . . , y j−1 , y j+2 , . . . , y n , z 1 , z 2 ) j = n, i = j (y 1 , . . . , y n−1 , z 1 ) j = n.
Assume m ∈ Q is a minimal monomial generator that is not linear. That is m = m ′ : xy i y j z 2 for some m ′ before xy i y j z 2 . As m is minimal, its support cannot contain any of the variables in Q. Also if x were to be in supp(m) then x 2 would divide m ′ . As no there is no such m ′ ∈ I M before xy i y k z 2 , we have x |m. Thus the support of m satisfies
There is nothing to check as x does not divide m and all other variables are in Q. Case (j = n, i + 1 = j): In this case m must be a power of y j . As m is not linear, y we have one of the following must hold:
In these three cases respectively we must then have (i) y 
Stage (2c):
Showing that this part of the ordering is a linear quotients ordering can be done using its symmetry with Stage (2b). We wish to show that all Q such that
are again generated by variables. We first show that Q ′ is generated by variables, for
where the < lex ′ denotes the lex ordering on y i with the variables in reverse order from the < lex used in Stage (2b). Via symmetry with Stage (2b), this Q ′ must have linear quotients via an identical proof. From this, we see
Clearly Q ′ ⊂ Q. We note that Q and Q ′ only differ by a colon ideal of the form
The generators of Q which are not in Q ′ are of the form xy k y l z 2 : xy i y j z 1 and hence all must divisible by z 2 .
Since z 2 ∈ Q ′ in all cases, we see that Q is generated by variables for all monomials M added in this stage.
Stage (2d):
For the final case of Stage 2, we add all monomials in J · K of the form m = xy i y j y k ordered via lex with y 1 > y 2 > · · · y n . Our colon ideals then are of the form
The last set of generators in I xyiyj y k are given by
as the variables can be arranged with indices i ′ , j ′ , k ′ in increasing order, but i ′ +2 ≤ k ′ as at least one pair of {y i ′ , y j ′ , y k ′ } must be nonadjacent in the anticycle graph. This forces the given inequality.
Our colon ideals now satisfy the following inclusions, via the elements noted.
• Q ⊇ (y l | l < j) as y l = xy i y l y k :
) when i + 1 ≤ j and j + 2 ≤ k as y j+1 = y i y j y j+1 y k : xy i y j y k • Q ⊇ (y j ) when i + 2 ≤ j and j + 2 ≤ k as y j+1 = y i y 2 j y k : xy i y j y k . Together this gives
(y 1 , . . . , y j−1 , y j+1 , . . . , y n , z 1 , z 2 ) i = j − 1 and j + 2 ≤ k (y 1 , . . . , y j−1 , y j+2 , . . . , y n , z 1 , z 2 ) i = j or j = k, k − 1 (y 1 , . . . , y n , z 1 , z 2 ) otherwise.
Assume m ∈ Q is a minimal monomial generator that is not linear. That is m = m ′ : xy i y j y k for some m ′ before M = xy i y j y k . As m is minimal, its support cannot contain any of the variables in Q. Also if x|m then x 2 |m ′ . As this does not happen for any m ′ before xy i y j y k , x ∈ supp (m). Thus the support of m satisfies
Case (i = j − 1 and j + 2 ≤ k): In this case, m must be divisible only by y j and cannot be linear. Thus y Other Cases: In the other cases, the quotient contains all variables (except x, but there is no term divisible by x 2 which occurs prior to M in the ordering.) Hence, Q must be generated by linear terms.
4.1.6. Stage (3a): Now we move on to adding those terms in K 2 , meaning monomials in I(G) 2 which came from pairs of edges xy i and xy j . Our colon ideals will be of the form:
These colon ideals satisfy the following inclusions via the elements noted.
• Q ⊇ (y 1 ) when j > 3 as y 1 = xy 1 y i y j :
Together this gives
Assume m ∈ Q is a minimal monomial generator that is not linear. That is m = m ′ : x 2 y i y j for some m ′ before M = x 2 y i y j . Again, as m is minimal its support cannot contain any of the variables in Q. Also if x|m then x 3 |m ′ which does not happen for any m ′ ∈ I(G) 2 . Thus the support of m satisfies
generated by variables:
= J 2 + z 1 z 2 xy j | 1 ≤ j ≤ n + xy k y l z 2 | 1 ≤ k ≤ l ≤ n, k < n + xy k y l z 1 | 1 ≤ k ≤ l ≤ n, 1 < l + xy i y j y k | 1 ≤ i ≤ j ≤ k ≤ n, i + 2 ≤ k + x 2 y k y l | 1 ≤ k ≤ l ≤ n, 1 < l : (x 2 y 2 1 ).
We have the following inclusions by the elements noted:
• Q ⊇ (y k | 1 < k ≤ n) as y k = x 2 y 1 y k : x 2 y 2 1
• Q ⊇ (z 2 ) when i = n as z 2 = xy So this provides a linear quotients ordering on I(G) 2 .
Future Research
For higher powers of the edge ideal I(A n ) k of the anticycle, it is still unknown if all powers have a linear resolution, much less linear quotients. Construction of linear quotient orderings on I(A n ) k would accomplish this.
Question 5.1. Does I(A n ) k have linear quotients for k ≥ 3?
We produced an ordering above on I(A n ) 2 by decomposing A n into complementary subgraphs P n−1 and A n \ P n−1 . While this order is nonunique, ordering the edges of I(A n ) 2 by decomposing the graph into the complementary subgraphs H and G \ H, then considering pairs of edges as appropriate, seems to produce linear quotients orderings with the clearest descriptions. Extending this order to I(G) k in a similar fashion has proven fairly difficult, even in the case of I(G)
3 , but would be a natural next step after Theorem 4.2.
A problem of more general interest is to complete Theorem 1.3 of Herzog, Hibi and Zheng by answering the following question:
Question 5.2. Let G be the complement of a chordal graph. Does I(G) k have linear quotients for k ≥ 2?
We might also ask for a description of all edge ideals whose powers eventually have linear resolutions.
Question 5.3. Can we exhibit classes of graphs G such that for all sufficiently large k,
(i) I(G)
k has a linear resolution, or (ii) I(G) k has linear quotients?
In [NP09] , it was conjectured that graphs satistfying Question 5.3(i) are precisely those graphs G with a C 4 -free complement. General conditions for the second class however remain open. It appears that anticycles A n form such a class, but we wish to find more general conditions for the powers of an edge ideal of a graph to stabilize on linear quotients.
